We numerically study the synchronization of two chaotic semiconductor lasers in a master-slave con guration. To synchronize the lasers a small amount of output power from the master laser is injected, after propagating through an optical ber, into the slave laser. We show that the output of the master laser can be used as a chaotic carrier to encode a digital message which can be recovered after propagating long distances. We also check the robustness of this scheme when the two lasers are slightly di erent.
I. INTRODUCTION
In recent years a great deal of attention has been paid to di erent chaotic synchronization schemes and its applications to encoded communications. This was rst demonstrated using electronic circuits 1], 2] and it was later proposed in solid sate 3] and semiconductor lasers 4]-8]. Experimental demonstration of encoded communication using ber ring lasers 9] and semiconductor lasers 10] has recently been achieved. The chaotic output of a transmitter system is used as a carrier in which a message is encoded. The amplitude of the message is much smaller than the typical uctuations of the chaotic carrier, so that it is very di cult to isolate the message. Decoding is based on the fact that coupled chaotic systems are able to synchronize their output if the appropriate conditions are given 11]. To decode the message, the transmitted signal is coupled to another chaotic system, the receiver, which is similar to the transmitter. The receiver synchronizes with the chaotic carrier itself, so that the message can be recovered by subtracting the receiver output from the transmitted signal. An e cient algorithm for improving the locking rate between receiver and transmitter has been reported for the synchronization of chaotic communication systems 12] .
Several approaches have been given for chaotic communications 13]: chaos masking 14], chaos modulation 15] and chaos shift keying 1]. In the rst case, the message is not encoded on the carrier signal, but just added to it, while in the second one, the carrier is modulated by the message. In both systems, the intensity of the message must be small enough to avoid detection in the time or frequency domains. Finally, chaos shift keying is based on the de nition of two clearly separated chaotic orbits for bits '1' and '0'. The decoder has two replicas of the transmitting systems, each one con gurated for detecting either a bit '1' or '0' 6], 7]. This scheme is more complicated than the other two and the bit rate is also smaller because the period of modulation can not be smaller than the time to entrain each of the states.
In this work we consider a model for chaos modulation scheme for digital communications using as a carrier the chaotic output of a CW operating single-mode semiconductor laser with external feedback (master laser, ML). The ML is modeled using the rate equations for the complex slowly varying amplitude of the electrical eld and minority carriers inside the cavity and including spontaneous emission noise 4]. We encode a digital message in the chaotic output of the master laser by a time dependent attenuation of the carrier in a scheme similar to 4] for analogic signals. After codi cation the message is transmitted to the receiver using a dispersion shifted ber. The propagation along the ber connecting the transmitter and the receiver is described in terms of the nonlinear Schr odinger equation. The receiver, slave laser (SL), is a single-mode semiconductor laser with external feedback with parameters similar to the ML. The two lasers display chaotic behavior with di erent time traces if they operate separately, i.e. with no-coupling between them. Even for identical initial conditions the presence of spontaneous emission noise will make time traces to depart from each other in time. However, if a small amount of the ML power is injected in the SL they can synchronize. We characterize qualitatively and quantitatively the degree of synchronization of the two lasers as function of the length of the ber connecting the two lasers. The encoded message can be recovered using the synchronization properties of the SL and operating over both the input and the output of the receiver. We analyze the e ect of propagating the signal through optical bers of di erent lengths (up to 200 km) and also of codifying the information at di erent rates (form 0.5 to 4 Gbit/s). Finally, we also analyze the robustness of this scheme when the receiver and transmitter are not identical.
The paper is outlined as follows: in section II we describe the model we use for the transmitter, the receiver and the optical ber. In section III we characterize the degree of synchronization of the two lasers by means of a synchronization parameter and the quality of the decoded message in terms of the Eye Opening Penalty (EOP). In particular we study the in uence on these parameters of the ber propagation length, the modulation speed and the number of in-line ampli ers. In section IV we study the robustness of the synchronization and codi cation scheme when the parameters of the master and slave laser are di erent. Finally, in section V we give a summary and the conclusions of our work.
II. MODEL
We model the transmitter (ML) and the receiver (SL) by using the rate equations for the complex slowly varying amplitude of the electrical eld E t;r and carrier number inside the cavity N t;r 16] (t,r stand for transmitter and receiver respectively). We have also included spontaneous emission noise 
G t;r (t) = g(N t;r ? N ot;r )
(1 + sjE t;r (t)j 2 ) :
We consider the transmitter and the receiver to be very similar lasers, so we take, in principle, the same parameters for them: g=1.5 10 ?8 ps ?1 is the gain parameter, s=5 10 ?7 is the gain saturation coe cient, = 5 is the linewidth enhancement factor, = 1:1 10 ?9 ps ?1 is the spontaneous emission rate, e = 1:602 10 ?19 C is the electron charge, n = 2 ns is the carrier lifetime, N o = 1:5 10
The propagation along the ber connecting the transmitter and the receiver is described in terms of the nonlinear Schr odinger equation 17] III. ENCODING AND DECODING SCHEME Typical time traces for the ML are displayed in Fig. 1(a) . The output power of the lasers is calculated as P = hc! m =4 g ]jEj 2 , where h is the Planck constant, c is the speed of light in vacuum, m = 45 cm ?1 is the facet loss and g = 4 is the group refractive index. Using the chaotic output of the ML as carrier, we have encoded a pseudorandom digital message up to a bit rate B of 4 Gbit/s. The encoding of the message m(t) Fig. 1(b) ] is done modulating the transmitter output so that jE 0 t (t)j = A b jE t (t)j(1 + m(t)) where A b is a constant attenuation factor. The message must be small (jm(t)j << 1) not only to ensure secrecy but also to avoid large distortions of the ML output that could prevent the receiver from synchronization. The power spectra of the transmitter before and after encoding the digital message is shown in gure 2. They look very similar, so the detection of the codi ed message should be quite di cult without the appropriate receiver.
To reduce distortions during the propagation due to the ber nonlinear e ects, the eld is attenuated by factor A b = 1= p 2. This attenuation is compensated by amplifying at the end of the ber by means of an ideal ampli er. The ampli ed output at the end of the ber E ext is injected in the receiver laser. The SL output E r Fig. 1(d) ] synchronizes almost perfectly with the ML output before encoding any message Fig. 1(a) ], despite the fact that the signal has been distorted by the message encoding and the propagation through a ber of length 50 km. This synchronization process works only if this distortion is not too large, so that E ext remains similar to E t . The decoding process is based precisely on the synchronization of the receiver output E r to the transmitter carrier eld E t rather than to the injected signal, E ext so that the message can be recovered in real time by comparing jE ext j 2 with jE r j 2 . The decoded message m 0 (t) = q jE ext j 2 =jE r j 2 ? 1 is shown in Fig. 1(e) . This message is very similar to the encoded one in Fig. 1(b) but it has sharp fast oscillations. The origin of these oscillations correspond to very small di erences in the time traces of the master Fig. 1(a) ] and slave lasers Fig. 1(d) ] because the synchronization is not perfect. If the synchronzation were perfect, then the decoded message would precisely match the encoded one. The quality of the decoded message can be improved by using an appropriate band-pass lter to eliminate the fast oscillations. In 4] it was found, for analog modulation, that one suitable lter was a Fabry-P erot (FP) lter with a bandwidth of 5 GHz. For digital modulation the FP lter can also be used but a better choice corresponds to a second order low-pass Butterworth lter with a bandwidth of 1:3B, where B is the bit rate of the message 18,19]. In Fig. 1(f) we plot the ltered message to be compared with the input message see Fig. 1(b) ]. It must be noted that the Butteworth lter is very e cient in removing the fast oscillations of the decoded message. The system performance for a modulation at 2 Gbit/s is displayed in Fig. 3 for di erent propagation lengths. In the left column we show the output power of the SL (P S ) as function of the ML output before encoding the message (P M ). The ideal synchronization scenario would correspond to a 45 o stright line. For short propagation distances Fig. 3 a) ], the distortion induced by the ber is very small and the synchronization diagram ts very well to a straight line. Even in the absense of a ber, the synchronization will never be perfect because both laser are not operating in exactly the same regime (the slave laser has an injected signal). Synchronization and message decoding is still possible for ber length as long as 200 km, without in line ampli cation. In any case, it is clear that the synchronization progressively degrades as the ber length increases. This degradation comes from both dispersion and ber nonlinearities. The center column of gure 3 shows the eye diagram of the recovered message after decoding and ltering. This diagram has been made by superimposing 832 bits in the time slot corresponding to one bit, that is B ?1 . Finally the right column of Fig. 3 shows the comparison of the encoded with recovered message. As the synchronization is degraded, the opening of the eye diagram is clearly reduced.
The system performance can be quantitatively evaluated by means of the EOP. The EOP is de ned as 10 log(a=b) where a and b are the maximal eye openings measured at the ouput of the master and slave lasers, respectively. The sample point is located at the place within the time slot where the SNR (signal to noise ratio) 20] is maximal. Values of the EOP smaller than 2 can be considered as fairly good. The synchronization degree de ned through the parameter =< jP m (t) ? P s (t)j > =P o , where P m (t) and P s (t) correspond to the ML and SL power at time t and the brackets stand for time average. P o is the laser power without feedback when is emitting in CW. Perfect synchronization corresponds to = 0. The synchronization parameter and the EOP versus the propagation distance are displayed in Fig. 4 for several modulation rates. The system synchronization is not a ected by a change of the modulation frequency but increases linearly with the propagation length. We also expect that the amplitude of the encoded message a ects the synchronization in the sense that it can be completely destroyed for large message amplitude. The EOP does depend on the modulation frequency and it is degraded as the frequency is increased as can be seen in g. 4(b). It also increases linearly with the propagating distance, the slope being larger for larger modulation frequencies. Fig. 5 corresponds to the case in which an in-line ampli er is placed at 100 km. The ampli cation is considered as an ideal process in which the e ects of the losses are compensated (without any noise). The inclusion of the in-line ampli er produces a negative e ect, yielding a sharp jump in the EOP. This is due to the fact that non linear e ects are enhanced after the ampli cation. More in-line ampli ers would aggravate the negative e ect of the ber nonlinearities on the synchronization. If the number of ampli ers is increased, the nonlinear Kerr e ect distortion is ampli ed making synchronization more di cult. Therefore, although both dispersion and self-phase modulation due to Kerr e ect play a negative role in the synchronization in the system, the results of Fig. 5 suggest that the distortion induced by nonlinearities is stronger that the dispersion e ects.
IV. ROBUSTNESS OF THE SCHEME
Now we draw our attention to the problem of monitoring the robustness of synchronization scheme while varying the internal parameters of the slave laser with respect to the master one in order to know how similar the emitter and receiver should be. We change the di erential gain g r , the photon losses (1= r ), the carrier losses (1= nr ), the carrier number at transparency N or and the linewidth enhancement factor r . The parameters have been changed with respect to the values given in Section II, either individually or simultaneously, by multiplying them by a factor (1+ ) (so is the relative change of the receiver parameters).
In Fig. 6 , we plot the synchronization parameter as function of . From this gure it can be seen that the more critical parameter is the photon lifetime, in the sense that the relative changes in this parameter signi cantly degrade the synchronization. The increase in the synchronization parameter when the other parameters (g r , 1= nr , N or or r ) are changed individually is at most half of the value obtained when changing the photon losses. When all the parameters are simultaneously changed with the same relative amount, the synchronization become worse than changing only one of them. As expected, increasing increases the degradation of the synchronization; in fact, from the gure it can be seen that the general trend is that increases quadratically with . It can be also seen that, in general, negative changes ( < 0) degrade the synchronization more than positive changes.
V. CONCLUSIONS
In this paper we have numerically studied the synchronization of two chaotic semiconductor lasers with external feedback in a master-slave con guration. A digital message modulated at frequencies up to 4 Gbit/s has been encoded in the chaotic signal of the master laser. The power spectra of the eld before and after the encoding are practically identical, so detection without the appropriate receiver would be quite di cult. When a small amount of the signal is injected in the SL after propagating through a dispersionshifted ber, the SL synchronizes to the ML output despite the distortion introduced by the encoding of the message and the propagation through the ber. The message can be recovered by comparing the input and the output of the receiver and nally ltering some remaining fast oscillations with a low-pass second-order Butterwoth lter.
The synchronization is very good for large distances, up to 200 km, provided that there are no in-line ampli ers in the ber. As the propagation in the ber is strongly a ected by the ber nonlinearities after ampli cation, the inclusion of in-line ampli ers degrades the synchronization and the EOP is increased; however, encoded communication would be still possible.
The system can operate at di erent modulation frequencies of the encoded message, being the synchronization of the ML and the SL almost independent of this parameter. The EOP increases for modulations at larger frequencies. This is due to the fact that even using dispersion-shifted bers (with a dispersion parameter of only -0.1 ps dispersion e ects are still noticeable and produce a pulse broadening when the bit rate is increased.
We have also studied the e ects due to the modi cation of the laser's most relevant internal parameters. We have observed that the most critical one is the photon lifetime ( ) and that the synchronization is always worse, i.e. yielding larger values, when all the parameters are changed at the same time. Moreover, the degree of synchronization a ects in a di erent manner the message depending on whether the parameters of the SL are larger or smaller than those of the ML. In general, the rst case yields worse results.
To summarize, we have presented a simple but robust communication system based on chaotic synchronization that supports long propagation distances and high modulation frequencies. 
